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1 Introduction 



Roughly speaking, iterated Brownian motion (IBM) is "Brownian mo- 
tion run at an independent one-dimensional Brownian clock." Of course, 
this is not rigorous because the one-dimensional Brownian motion can take 
negative values, whereas Brownian motion is defined only for nonnegative 
times. There are two natural ways to get around this. First, one can use 
the absolute value of the one-dimensional Brownian motion. This process 
is one of the subjects of the papers Allouba and Zheng (2001) and Allouba 
(2002), where various connections with the biharmonic operator are pre- 
sented. Those authors call their process "Brownian-time Brownian motion" 
(BTBM). The other rigorous definition of IBM is the one we will use and it 
is due to Burdzy (1993). He uses a natural extension of Brownian motion to 
negative times, called "two-sided Brownian motion." Formally, let X + ,X~ 
be independent n-dimensional Brownian motions started at z € R n and 
suppose Y is one-dimensional Brownian motion started at 0, independent of 

. Define two-sided Brownian motion by 



Although IBM is not a Markov process, it has many properties analogous 
to those of Brownian motion; we list a few here. 

(1) For instance, the process scales. That is, for each c > 0, 




Then iterated Brownian motion is 



Z t = X(Y t ), t > 0. 



cZ{c-H) 



is IBM. 



(2) The law of the iterated logarithm holds (Burdzy (1993)) 



Z(t) _ 2 5 / 4 



a.s. 



^0*V/ 4 (loglog(l/t))3/4 3 3/ 4 
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There is also a Chung-type LIL (Khoshnevisan and Lewis (1996)) 
and various Kesten-type LIL's (Csorgo, Foldes and Revesz (1996)) 
for IBM. Other properties for local times are proved in Xiao (1998). 

(3) The process has 4 th order variation (Burdzy (1994)): 

n 

KmJ2[Z(tk) ~ ^(tfe-i)] 4 = 3(t - s) in L p , 
k=i 

where A = {s = to < t\ < ■ ■ ■ < t n = t} is a partition of [s, t] and 
|A| = max \tk - tk-i\. 

l<k<n 

An interesting interpretation of IBM, due to Burdzy and Khoshnevisan 
(1998), is as a model for diffusion in a crack. See DeBlassie (2004) for 
other references. 

There is a very interesting connection between IBM (as well as the 
BTBM process of Allouba and Zheng) and the biharmonic operator A 2 . 
Namely, the function 

u(t,x)=E x [f(Z t )} 

solves the Cauchy problem 

d . . Af(x) 1 a2 . , 

u(0,x) = f(x) 

(Allouba and Zheng (2001) and DeBlassie (2004)). The appearance of the 
initial function f(x) in the PDE can be viewed as a manifestation of the 
non-Markovian nature of IBM. 

This connection suggests the possibility of a relationship between IBM 
and initial-boundary or boundary value problems involving the biharmonic 
operator. While the results of DeBlassie (2004) are not encouraging for 
connections with initial-boundary value problems, the work of Allouba and 
Zheng (2001) suggests there is some hope for finding connections between 
probability and Dirichlet-type boundary value problems for the bilaplacian. 
Such a connection, if found, would be particularly exciting in its possible 
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applications to the spectral theory (the study of eigenvalues and eigenfunc- 
tions) of the bilaplacian where very little seems to be known. An important 
first step in exploring this possibility, as in the case of the Laplacian and 
Brownian motion, is to gain an understanding of the structure of the distri- 
bution of the exit place of IBM from open sets, what one may call, by abuse 
of terminology, the "harmonic measure" associated with IBM. In contrast 
with the BTBM process of Allouba and Zheng, this distribution does not co- 
incide with the usual harmonic measure associated with the Laplacian. The 
goal of this article is to study the exit distribution of IBM from a cone in 
R n . We chose this domain because it is unbounded and it contains a bound- 
ary singularity. In addition, in this setting we are able to obtain explicit 
formulas which lead to very sharp results. Our methods are easily adapted 
to bounded domains but in general our formulas will not be as explicit and 
the result will not be as sharp. 

Let be the unit sphere in W 1 . If D is a proper open subset of S*™ -1 , 
then the generalized cone C generated by D is the set of rays emanating 
from the origin passing through D. Throughout we assume dD is C 2 ' a . 
Then the Laplace-Beltrami operator A S n-i on S" 1-1 with Dirichlet bound- 
ary conditions on dD has a complete set of orthonormal eigenfunctions rrij 
with corresponding eigenvalues < Ai < A2 < A3 < • • • such that 



(Chavel (1984)). If B is n-dimensional Brownian motion and tc{B) is its 
exit time from C, then it is known (DeBlassie (1988)) 



(1.1) 




and 



(1.2) 



P x {r c {B)>t)~C{x)t-^/ 2 



as 



t — > 00 



where 



(1.3) 




and 



(1.4) 
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\i being surface measure on S n . Here and in what follows, 

f(t) ~ g{t) as t -> oo 



means 



/(*) 

g(t) 



1 as i — » oo. 



In DeBlassie (2004) it is shown that if tc{Z) is the first exit time of IBM 
Z from C, then as t — > oo, 



(1.5) 



P x (t c (Z) > t) « { 



t- pi / 2 , pi < 2 
f^lni, pi = 2 

t -(p 1 +l)/2 j pi>2 



where /(t) ~ <?(i) means there exist constants C\ and C2 such that 

< 4$ < ^2, i large. 
In light of Burkholder's inequalities (1977) and ()1.2j) . 
(1.6) K r (|£(r c )n < 00 iff p<pl 

Hence considering the "fourth order" properties of IBM described above, we 
expect 1)1.5}) should imply 



E x (\Z(t c )\ p }< 00 iff 



V < 2pi, 



Pi < 2 



p<2(pi + 2), pi>2. 



Indeed, we have the following theorem. We will always assume the positive 
x n -axis passes through C. If <p(rj) is the angle between rj E S" 1-1 and the 
positive x n -axis, then in polar coordinates y = r-q, the (n — l)-dimensional 
surface measure a on dC is given by 



(1.7) 



<r{dy) = r n sin (p(rj)fj,(drj)dr. 



4 



Theorem 1.1. As r — > oo, /or z = 



— P z (|Z(r c )| <r)~^,pi)^ 



<1, 



-5i Pi 1 

r mr, — = 1, 



-pi 



-3 Pi 



where for ^ < 1, 

A(z, Pl ) = P ^m\{6) 



Y ^ Pi+ra ^ p ^ 3pi+n _ . 



(r(pi + f))' 



dD 



a 



smip(r])^-mi(ri)n(dri) 



dD 



/ w- pi ^ 2 (l + w) 2 dw, 
Jo 



the integrals over dD are taken with respect to fj,(drj) and denotes the 
inward normal derivative at dD; for ^ = 1, 



A(z, Pl ) = 2 (l + |) V™i(0) / roifaM<fy) 
and /or ^- > 1, 



9 

sin 99(77) ^— mi (rj)n(drj) 



A(z, Pl ) = 2/> Pl mi(9) 



9 

sm(r})(p-Q^-mi(r})fi(dr}) 



dD 



E z (tbm), 



where tbm is the first exit time of Brownian motion from C . 
Corollary 1.2. a) As r — ► 00, 

Pi 



P*(|Z(t c )| >r)~A(z,piW 



' 1 r -2pi 

2pi 

1 -41 
-r mr, 

4 

1 

r 

Pi + 2 



2 

Pi 
2 

Pl-2 ?! 



<1, 

= 1, 
> 1. 
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b) We have 



E z [\Z[t c )\ p ] < oo iff I 



Pi 

P<2pi, y<l, 



P < 4, 



PI 



Pi 



1. 



P<Pl + 2, y > 1, 



Remark. Below in (|3.3|) we get a series expansion of the density ^P z {\Z(tc)\ < 
r) valid for r 7^ \z\, but it is not all that enlightening. 

Along the way to proving Theorem 11,11 we derive the following result of 
independent interest. 

Theorem 1.3. For r being the first exit time of Brownian motion B from 
the cone C , 

1 d 

P X {B T e dy,r G dt) = -—p c (t,x,y)a(dy)dt, 

where is the inward normal derivative at dC , pc(t,x,y) is the transition 
density of Brownian motion killed upon exiting C and a is surface measure 
on dC. □ 

Hsu (1986) has proved this result for bounded C 3 domains. But because 
the cone C is unbounded with a boundary singularity, there are technicalities 
not present in the case considered by Hsu. 

We have the following consequence of Theorem 11.31 that is also of inde- 
pendent interest. Note it gives an improvement of (|1.6|) above. 

Theorem 1.4. Let r be the exit time of Brownian motion from C . Then 
for x = p9 and r ^ p, 

d 



dr 



P X (\B T \ <r) 



7 r 2 



-V^Ei°=i«7V^i + (i-7 2 ) 1/2 ]-^ 

dD 



where atj = \J Xj — — l) 2 and 7 = -j^a and the convergence is uniform 
for 7 < 1 — e. □ 
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Corollary 1.5. As r —* oo, for x = p9, 

mi(e)r- pi . 



2P1+I-V 1 

P x (|£ r | > r) ~ 



Pl(pi + §-l) 



5 

sin <p(rf)- — mi (rf)n{dq) 



dD 

It follows from the classical estimates for harmonic measure (see Haliste 
(1984) and Essen and Haliste (1984)) that there are constants C\ and Oj, 
depending on x, such that for large r, 



C ir - pi < P X (\B T \ >r)< C 2 r~ 



However, as far as we know these techniques do not identify the exact limit 
as Corollary 11.51 above does. It is also interesting to note here that in the 
case of the parabolic-shaped regions 

V a = {(x, 7)eRx R 11 - 1 : x > 0, \Y\ < Ax a }, 

with < a < 1 and A > 0, it is proved in Bahuelos and Carroll (2003) that 



(1.8) log P Z (\B T \ > r) ~ - ^^ r 1 -, 

where Ai is the smallest eigenvalue for the Dirichlet Laplacian in the unit 
ball of IR n ~ 1 . In view of Corollary 11.51 it is natural to ask if it is possible to 
obtain a similar expression for the harmonic measure of the parabolic-shaped 
regions, and in particular to identify the asymptotics of P Z (\B T \ > r). That 
is, is it possible to obtain a result similar to that in Bahuelos and Carroll but 
without the logs? At present we do not know the answer to this question. 
For various results related to the asymptotics of exit times of Bronian motion 
and heat kernels for parabolic-type regions, we refer the reader to [5], [7], 

m- 

Finally Allouba and Zheng (2001) show the exit distribution of their 
BTBM process is the same as that of Brownian motion — i.e., harmonic mea- 
sure (see their Theorem 0.2). In light of this, Theorem 11.41 above yields the 
density of the size of the exit place of BTBM in a cone. Also note for IBM, 
the exit distribution is NOT the same as the exit distribution of two-sided 
Brownian motion in C. 
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The article is organized as follows. In section 2 we establish various 
estimates on the terms in the series expansion of the heat kernel of the cone. 
Then we use them to prove Theorem 1.4 and Corollary 1.5. Using Theorem 
1.3, we prove Theorem 1.1 in section 3. The proof of Theorem 1.3 is given 
in section 4, using some results of Pinsky. The proof is independent of the 
proof of Theorem 1.1. 

2 Auxiliary Results; Proof of Theorem 11.41 and 
Corollary 11.51 

In what follows, we will make repeated use of the following result (Lemma 
6.18 on page 111) from Gilbarg and Trudinger (1983). 

Elliptic Regularity Theorem. Suppose 

i,j J j J 

is a strictly elliptic operator on a domain C M. n . Assume the coefficients 
of L are in C a {^l), fi has a C 2,a boundary portion T and ip € C 2,a {Q). 
If u 6 C(Q) n C 2 (Q) satisfies Lu = in Q and u = <p on T , then u £ 
C 2 - tt (OuT). □ 

The heat kernel for C has a series expansion, due to Bahuelos and Smits 
(1997): For x = p8,y = rr], 

2 2 00 

(2.1) Pc(t,x,y) = ^{pr) 1 ^ e'^-^2l aj (yj m^m^n), 

where p,r > 0, 9,n £ S' 11 ^ 1 , and 



(2-2) a i = yA J + g-l) 2 . 

The convergence is uniform for (t,x,y) £ (T, oo) x {x 6 C : \x\ < R} x C, 
for any positive constants T and R. The modified Bessel function I u is given 
by 



2 ; fr^ V 2/ fc!r(i/ + fc + l) 



S 



First we show termwise normal differentiation at the boundary is permitted. 
Recall and g|- denote inward normal differentiation at y G dC\{0} and 
T] G <9D, respectively. 

Lemma 2.1. For y = rr] € dC\{0}, 

d , \ _i _i / p 2 +»- 2 ^ d , . 

—pc(t,x,y)=rH L (pr) L 2e * ^I Q . J mj (9)—m j (r l ) 

y j =1 n 

uniformly for (t,x,y) G (T, oo) x {x G C: |x| < i?} x{x G <9C: |x| < 
where T, R > are arbitrary. 

Proof. We have 

V = e r — + -V S n-i, 
or r 

where e r is a unit vector in the radial direction and Vgn-i is the gradient 
operator on S 1 ™ -1 . Thus for y G 3C\{0} 



dn y r 



Consequently we need only verify the uniform convergence of 

(2.3) E^(f) m #t ro '-0rt 



dn v 



for (i, x,y) £ B = (T, oo) x {x G C : |x| < i?} x {x G <9C : |ar| < R}. 

Since ||mj||2 = 1, by Theorem 8 on page 102 of Chavel (1984), for some 
positive c n and b n = b(n) depending only on n, 

(2.4) supKI < c n \ b l n)/A . 

D 

Since (A^n-i — Xj)rrij = on D and rrij G C(D), by the Elliptic Reg- 
ularity Theorem, rrij G C 2,a (D). Hence by the C 2,a nature of dD and the 
global Schauder estimates (Theorem 6.6 on page 98 of Gilbarg and Trudinger 
(1983)), for some constant K independent of j, 

sup | Vgn-iTOjl < Ksup\nij\ 

D D 

(2.5) < KXf n)/ \ 
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Here and in what follows, K will be a number whose value might change 
from line to line, but is independent of j. Hence for 9 6 D and ry 6 dD 
(using (H2D) 



(2.6) 



9 



< if a 



6(n) 



By formula (|2.4I) on page 303 in Bahuelos and Smits (1997), 



(2.7) 



Uz) < K 



1\" 



where K is independent of v and z. Then to show uniform convergence of 
(f2~3|) on B, it suffices to show for M = 

J2, (Me) a id 

(2.8) 



~ (Me) a 'a$ (n) 

} — r-4l— < X 



+ 1) 



By the Weyl asymptotic formula (Chavel (1984) page 172), there are con- 
stants K\ and K2 such that 



(2.9) 

Then for j large, 



Ktj < a]' 1 < if 2 j, j > 1. 



Q'; 



1 1 
> exp(Kij«- 1 In(Kijn-i)). 

Hence for c = K\ if Me < 1 and c = If 2 if Me > 1, the sum in Q2.8JI is 
bounded by 

00 

^ exp ( c j^ ln(Me) - K x j^ \rx(K x j^)) 



j=l V / 



< 00, by the integral test. 



□ 



10 



In the sequel, we will use the following bound, which is an immediate con- 
sequence of (jZIlll and (f23j) . 

Corollary 2.2. For some positive K and b(n) independent of j, 

sup \rrij\ V sup |V S n-irrij\ < Kaf n ^ 2 . □ 

Lemma 2.3. For some K > 0, with 7 = 



^ Jo°° * -1 e~ « (f ) rft < A-a-V 



< 



r(l-7 2 )~^(7 Q - 1 +7 Q + 1 ) 
p 2 +r 2 



for positive p, r and a, with p 7^ r. 
Proof. Change variables w = p t t r to get 



2t 

°° 1 e 2 + r2 T (P r \ , f°° 2 w WT ( 2prw \ p 2 +r 2 , 
t e ~I a [!—)dt= I — -e~ w I n I — - I H - „ rfw 



i/ Jo p 2 + r 2 \p 2 + r 2 J 2w 2 

(2.10) = / ^tV™!^™)^ 



Notice since p ^ r, < 7 < 1 . 

a) Using the expansion of I u (z) given before Lemma 12. 1( by monotone 
convergence 



w a+2k-l e -w dw 



k=0 

00 



^p" ' l.'(n -!- 2/v) 



t Q ,2/ fe!r(a + l + fc) 



1 f^ r( * + * )r( * + t+ » 



A;!r(a + l + /c) 
where we have used the formula 

(2.11) r(2*) = -b^-frcor L + \ 



(Abramowitz and Stegun (1972) page 256, 6.1.18) for z = t| + k. We also 
make use of the following formulas from Abramowitz and Stegun (1972) for 
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the hypergeometric function F: 

T(c) ^ T(a + n)T(b + n) z» 

naAc,z)- r{a)m 2^ r(c + n) nI 

F (a, ~ + a; 1 + 2a, ^ = 2 2a [l + (1 - z) 1 / 2 ]" 2 " 



(formulas 15.1.1 and 15.1.13 on page 556). Using the first one, then the 
second, yields 

1 -i -wr , \ 7 7 Q r(f)r(f) / Q a 1 1 2 \ 

u; x e w I a hw)dw = ' v 2 / — ^-f-^-F -,- + -; a + 1, 7 2 
au 1 2^F f all V 2 2 2 / 
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r(S)r(f). 



2^? T(a + 1) 
7 a V2¥ 2"( a -i)r(a) 



2 Q [l + (l- 7 2 ) 1 / 2 ]- 



2^? r(a + l) 
(by J2HJ)) 

(2.12) =a~ 1 7 a [l + (l-7 2 ) 1/2 ] _a - 



2«[i + (1 - 7 2 )V2]- 



Then 



o 



Thus part a) is proved. 

For part b), we need to differentiate (|2.10|) under the integral. By looking 
at difference quotients and using the Mean Value Theorem, differentiation 
with respect to 7 under the integral in the right hand side of (|2.10|) will be 
allowed if we can show that for [a, b] C (0, 1), 

/•oo 

(2.13) / sup \l' a {~iw)\e- w dw < 00, 

JO 7£[a,6] 

By formula 8.486.2 on page 970 of Gradshteyn and Ryzhik (1980), 

r a (z) = ±[i a -i(z) + i a+1 (z)]. 

Hence by ((277|> . 

\I> a {z)\<C{ay[z<*- x + z a+1 ]. 
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In particular, 



sup 14(7^)1 < C{a)e bw [w a - 1 + w a+1 }. 
ye[a,b] 



Then since b < 1 and a > 0, (|2.13j) follows. 
Thus 



d f°° 

— / w~ l e~ w I a (jw)dw 
dl Jo 



e- w l' a (jw)ds 

i 

e~ w [/ a _i(7u;) + I a+ i(jw)]dw 




< 1(1 _ 7 2)"l/2[ 7 a-l +7 «+ll 



where we have used formula 6.611.4 on page 708 of Gradshteyn and Ryzhik 
(1980) for the third equality. We also see that the derivative is nonnegative. 
To finish, observe that 



dp Jo 



as claimed. 









) dt 




-f 

dl Jo 



w l e w I a ( r yw)dw 



2r 



r 2 — /J 2 



(p 2 + r 



2^2 



1 



_|_ r z 



□ 



To prove Theorem II .4( we will need the following consequence of (|2,10|) 
and (jHHJ). 

Corollary 2.4. For 7 = < 1, 



' t^e-^Ia (^) = a" V[l + (1 " 7 2 ) 1/2 ]" a - 



□ 
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Proof of Theorem \1.4\ By Theorem 11.31 ()1.7(l and Lemma 12.11 for 



d 
dr 



f°° fid 

Px(\B T \ <r) = J J -—p c (t,x,rr])r n ~ 2 sin <p(rf)fj,(dT))dt 



8D 



n o -i rt 

2 F 



sin ip(rj)—mj (rf)n(drf)dt. 



Now for 7 = < 1 — e we have by Corollaries 12.21 and 12.41 



t 



d 



fi(di])dt 



3=1 

by (|2.9j) and the integral test. 

Hence we can exchange summation and integration above to get, uni- 
formly for 7 < 1 — e, 

d_ 

dr 



1 °° roo 

-M\Br\<r) = \r^V^J2 f ~ l 

j= i J o 



e 2t T 



dt- 



d 

sm(p(r])-^—mj(r])^L(dr]) 



dD 



mAO) 



irf-y-f^-y^i + fi-f)]-, 



d 

sm (p(r})-g—rnj(r])iJi(dr]) 



L dD 



mAO), 



as claimed. 



□ 



Proof of Corollarv \1.5l If r is large, then 7 = 2^,2 is small and so by 
Theorem 11.41 as r — > 00 



dr Vl 1 ~ ; 2 





sin <p(r))- — m 1 (r])fi(dr]) 

(J fl"T) 



dD 



mi(6), 
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where we have used the fact that since 



Agn-imi = —Ami and m\ > 0, 

the Hopf Maximum Principle (Protter and Weinberger (1984), Theorem 7 on 
page 65) implies -^-mi(rj) > on dD. Since 7 Ql ~ (2p) ai r~ ai as r — > oo, 
we get the desired asymptotic upon integrating and appealing to □ 

3 Proof of Theorem 11.11 

Let t be the first exit times of X 1 * 1 from C and for u, v > 0, define 

??(-u, = mf{t > 0: F t ^ (—u,v)}. 

For typographical simplicity we write r for re. Then for any A C 9C, 

P Z (Z T G A) = P Z {Z T G A, exit occurs along X~ path) 
+ P Z {Z T G A, exit occurs along X + path) 

= p z (z t e i,y(t,(-T-,T + )) = -T-) 

+ P z (Z T eA,Y( V (-T-,T + ))=T + ) 

= P z (X-(t-) G A,Y(r)(-T~ ,t + )) = -r~) 
+ P 2 (X+(r+) G i,7(i)(-r-,r + )) = r+) 
= 2P z (X-(r-) G i,y( t? (-r-,r + )) = -r") 

by independence and symmetry. Writing 

h{v) = ^P z {T- <V) 

for the density of t~ , by independence of X + and X~ , 

/■oo 

P Z (Z T eA) = 2 P z (X-(r-) G A,y(7/(-r-,«) = -T~)f z (v)dv 
Jo 

P(Y( V (-u,v)) = -u)P z ((X-(t-),t-) Gdyx du)f z 



2 



Ax(0,oo) 



(3.1) 



poo 



2 / -^-P e ((X-(T-),r-)edyxd«)/ z (u)dt;. 

Jo 7 u + v 

Ax(0,oo) 
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Hence by Theorem 11.31 Lemma 12. II and Q1.7|l . for y = rrj, z = p6, 

v d 



j poo poo f 

dD 



U 



+ v <9n. 



pc(u,z,y)r n sin Lp{rf) p{drj)du f z (v)dv 



n q -I n 

r 2 p 2 



oo roo 



o J u(u + v) 
dD 



j'=i 
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"' '' 



mj(7/) 



sin ip(r))p,(dr])du f z (v)dv. 



There is no danger of circular reasoning in using Theorem ll .31 since its proof 

is self-contained. Using Corollary 12.21 if we can show for p ^ r, 

(3.2) 



i=i 



b(n) 



o J u{u + V) J \ u J 

dD 



pr \ 

— J p(drj)du fz(v)d 



V < oo, 



then by monotone convergence and dominated convergence, exchange of 
summation with integration is allowed and for p ^ r, 



d 



dr 
(3.3) 



T Pz{\Z T \ <r) =r%- 2 p 1 -%^2m j (0) 



3=1 



d 

sm.Lp(ri)-^—rn j (r])p(drj) 



oo roo 



3D 

„2 , 2 



/ / —, — ^ " 2u I a (—\ f z (v)dudv. 
Jo U V U + v ) \ u J 



The work to justify ()3.2|) has been done in Section 2: The j term is bounded 
above by 



af n) p(dD) 



_ez±rz. (pr\ 
-e 2- I aj — 
u \ it / 



Then l|3.2() follows from Lemma l2.3b . since r ^ p. 

As it stands, the behavior of -^pP z (\Z T \ < r) for large r is not obvious 
from (|3.3|) . It will turn out that the j = 1 term dominates. In what follows, 
we write 



(3.4) 



Pj = a i 



n 



1 . 



where «j is as in Theorem 11.41 From (|1.2|) we have 
(3.5) P z {t~ > v) ~ C{z)v- pi/2 as v -» oo. 
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The following lemma will be used to derive asymptotics of the first term 
in as well as upper bounds on the remaining terms. 



Lemma 3.1. Let a > a\ and set 
I 



00 f°° v P 2 +r 2 /pr\ 

I —, — ; — re 2u I a ( — f z {v)dvdu. 
Jo u(u + v) \uJ 



a) For some positive M and K, independent of a, 

' Ka x l 2 {2p) L 

I < < 

for r > M and a > 1 . 

b) For f > 1, 



a r —2—a 


■ f Pl 


> 1 




J 2 


-2-a j nr ^ 


..Pi 


= 1 


Aoy— a— pi 


if^ 
J 2 


< 1 



For |- = 1, 



and for ^- < 1, 



lim r 2+a I = 2p a E x (j-). 



lim r 2+a (In r)' 1 1 = Ap a C{z) 



lim r a+pi l = C{z)2 Pl ' 2 p 

r—>oo 

Proof. Since 



/2„« r(q + %) 

r(a + i) 
d 



w 



- pi/2 (l + w)- 2 dw. 



f z {v) = --rP z {r- > v) 
dv 



after an integration by parts 

roo [-00 2 



Jo (« + v)' 



P z (r- > v)e-^I a (^) 



dvdu 
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(now change of variables s 



2u 



JO 

2 



p 2 + r 2 
2s 

OO fOQ 



p2 _|_ J Q 








+ V 



1 + 



2prs \ p 2 + r 2 



p2 _|_ r 2 



2su 

p2 _|_ r 2 



2s 2 
2prs 



a l 9 i 9 



dsdv 
dsdv 



(3.6) 



oo /*oo 



JO 



H dsdv, say. 



Case 1: £ > 1. By (ESJ, E z (t~) < oo. By (l2~71) . 



H < K 



p2 _|_ r 2 



•1-P z (r- >v)e" 



« e a ep 2 +r 2 



p 2 + r 2 J ( y a + \) a ' 



prs 



For fixed p > 0, choose M\ independent of a so large that 
(3-7) 4^<l, r>M l . 



p 2 + r 2 ~ 2' 



Then 
(3.8) 



H < Kt- 2 P z (t- > v)e- s ' 2 { 



1 

p 2 + r 2 J \ 2 



r > Mi. 



Here and in what follows, K will be a number whose exact value might 
change from line to line, but will always be independent of a and r. 
First observe that by Q3.8JI 

Xr~ 2 e a / — \ a roo roa 



oo roo 



JO 



H dsdv < 



a 



pr 



+ \T \P 2 + r 



P z (t~ > v)e- s/2 s a dsdv 



Kr~ 2 e a 



pr 



~ (a + \) a \p 2 + r 2 
Now by Stirling's formula 

T(a + l)e a e a aT(a 



o Jo 
E z ( T -)2 a T(a + l). 



(a + \) a (a+J) 



< K- 



< Ka 1 / 2 . 
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Hence for r > M\ 
(3.9) 



H dsdv < Kr~ 2 



2pr 

pi _|_ r 2 

2p 



a 



1/2 



<Kr -2 fP\ a l/2. 



J 



Referring back to (|3.6|) . we see that this gives the desired bound in part a) 
of the lemma. 

As for the asymptotic in part b), notice that 

P z (t~ > v)s a e- s/2 dsdv < oo 



and 



lim r 2+a H = lim 

r— >oo 



J 



2r< 



r— >oo p2 _|_ j.1 



1 + 



2sw 



^2 _|_ r 2 



-2 



P z (r- > w)e-'r a I a 



2prs 
pi _|_ r 2 



2R(r" > v)e 



(ps)<* 



r(a + i)' 

using the asymptotic 

(3.10) I v (z) ~ A> + 1) as z^O. 

Hence by ([3.8)1 and the dominated convergence theorem in ()3.6)) . 



lim r 2+a I 



OO /-OO 



JO 

OO POO 



lim r 2+a H dsdv 

r^oo 



JO 

2p Q P,(r-), 



r(a + i) 



as claimed. 



Case 2: ^ < 1. This part is more delicate because this time E z (t~) = oo. 
Let e £ (0, |) and use the asymptotics ([3.5)1 and ([3.10)1 to choose M\ and 
M2 such that 

(3.11) (1 -e)C{z)v- p ^ 2 < P z (t~ > v) < (l + e)C(z)v- pi / 2 , v > M 1 
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and 
(3.12) 



(1 ^ )(r <W< (1+£>(i 



T(a + 1) ^ T(a + 1) ' 

Notice Mi is independent of a and M2 is not. 

We break up the integral I in (|3.6j) into three pieces: 

Ml POO POO POO POO pM 2 T 



z < 2pM 2 . 



1=1/ /+/ / +/ / )H dsdv 

\J0 JO J Mi J M 2 r J Mi JO J 
(3.13) = Ji + J 2 + J3, say. 

It turns out J3 will dominate as r — > 00. We have 



A < ^7 



1~ 2 • 1 • e" 5 /, 



r JO JO 

2Mi ^ 



2prs 

" 1 



dsdv 



r 2 .10 



e~ s I n 



2pr 



pi _|_ r 2 



2Mi 



2pr 
p' 2 +r 2 



2pr 
p 2 +r' 2 



1 + 1/1 



2pr 
p 2 +r 2 



(Gradshteyn and Ryzhik (1980), 6.611.4 on page 708) 

(3.14) < Kr~ 2 - a (2p) a for r > M 3 large, 

where M3 is independent of q. 
As for J 2 , by 



J 2 < 



2 — 2 1 2 1 1 

P z + r z J Mi Jm 2 t 



2sv 

p2 _|_ r 2 



-i -2 



2prs 



e S A I -+ - I - tttv <isdt; 



pS + r 2 ; (a+^ Q 



A" 



p2 _|_ r 2 ^2 _j_ r 2 



p2 _|_ r 2 



-2 rv 

e 



(a + \) a J M 2 r 



00 2prs 



< K 



pr 



p2 _|_ r 2 



(p 2 +r^ 



s a-z e -s e ^2- dg 



2prs 



„a poo 

< K p a ^- a f ., a e- Mir / 4 / S a " 2 e- S / 2 (fa, 



s a-2 e -3 S /4 e -M 2 r/4 e ^ T ^ ds 
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for r large, say r > M4, where M4 is independent of a. Thus 



J 2 < Kp a r 2 - a - e~ M2r/4 2 a r(a - 1) 



a 



< K{2p) 0l r i -° l e 



aJi-a -M 2 r/4_ 



-a+1 



a 



+ 1) 



(a - 



(by Stirling's formula) 



(3.15) < K{2p) a r 2 - a e~ M2r/4 a-' i/2 . 

Now we examine the dominant piece J3 . Reversing the order of integra- 
tion, then changing v into w = Jz+ r z ■ 



pM 2 r poo 

J 3 = I H dvds (see (jSSJ)) 

JO J Mi 

pM 2 r poo / 



p2 _|_ r 2 



p2 _|_ r 2 

2s 



w) e s I a 



2prs \ p 2 + r 2 



(3.16) 



pM 2 r poo / 

I y 5 - v ( i +-)- , ".( T -> 



p 2 + r 2 
2s 



p 2 + r 2 J 2s 
2prs 



dwds 



pi _|_ r 2 



dwds. 



Write 
(3.17) 

and observe 
(3.18) 



h(u) = / (1 + w)- 2 w- pi/2 dw 



h{u) < h(0) < 00 for y < 1 

h(u) ~ In — as u — > for — = 1. 

v 7 u 2 
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Now for w > j/q^z we have £ -^-w > Mi, hence by l|3~TT|) . (jgJB|) becomes 



Jz<K 



K 



Mir poo 



p 2 +r 2 N -Pi/2 



2sMi 



a -i e -/ ( 2 P rs 

pZ _|_ r z 



dwds 



p2 + r 2\-Pi/2 /.Mar 







p2 _|_ r 2 



2prs 



iHp 2 +r 2)-«-pi/2 p a r a e a f% /2sMi 



a 



(3.19) 



+ 1)' 



pe 



^2 _|_ r 2 



2/j r .s 



s a+ P1 /2-l e -s e ;^ ^ 



(a + i) 



M 2 r 



2sMi 

p2 _|_ r 2 



3 a+ Pl /2-l e -s/2 dg 



for r large, independent of a. 

If £L < i then by (ITTKl) . this yields 



J 3 < KV _Pl 

= Kr- pi 

< Kr- pi 
(3.20) 




Pi 



a + — - 1 T a + — -1 



Pi 



(Stirling's formula) 



When ^ = 1, observe that for s < M 2 r we have < 2 MiMi < i f or 
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large, independent of a. Hence by (|3,18|) and ()3.19j) . 



h < 



< 



< 



< 



< 



K 
K 
K 
K 
K 



pe 



K 



pe 

r(a + |) 
pe 

r(a + |) 
pe 

r(a + i) 
2pe 

2pe 



M 2 r 



In 



p 2 + r 2 
~2sM7 



M 2 r 



r (a 



s a e~ s/2 ds 

[K lnr — In s]s a e _S//2 (r large 

K{\nr)2 a T(a + 1) - I (In s)s a e" s/2 ds 
Jo 

K(\nr)2 a T(a + 1) - f (Ins) ds 
Jo 

F(a + 1) In r 
aT(a) In r 



(3.21) < Ka(2p) a r- a - 2 lnr, by Stirling's formula. 

Combining (|3~H|) . (|3~T5|) . (|3~2U)) and l|3~2T|) . we get the upper bound of 
part a) in the lemma. 

For part b), first assume ?r < 1. For s < M^r we have < 2pMi and 



for to > 4^ we have > Mi. Hence by lETTr]) and (l3~T2l applied 

to the r~ and I a factors in (|3.16l) . we get the that integrand in (|3.16j) is 
bounded above by 



C a (l+u;) 



2s 



- w ) s ~ le ~ S (-f^) <C a r-^ a w-^ 2 (l+ 



2 s a+ Pl /2-l e - S _ 



Moreover, writing 1)3.16(1 as 



■h 



o Jo 



F dwds, 



we see from the asymptotics ()3,5|) and (|3.10(l that 



lim r pi+a F = lim r Pl+a (l + w)~ 2 C(z 



n 2, r 2 x-pi/2 



2s 



e s 



r(a + 1) 



(1 + w )~ 2 w - pi/2 C(z)2 Pl / 2 s Pl/2+a ~ 1 e~ s p a —^ — -. 

r(a + l) 
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Since w Pl / 2 (1 + w) 2 s q +pi/ 2 1 e s is integrable ons,w> 0, we can apply 
the dominated convergence theorem to get 



oo roo 



lim r Pl+a J 3 = / / lim r Pl+a F dwds 



C(z)2P^ 2 p a F (a + f ) 



oo 

U,-pi/2(l + ti ,)-2 dw. 



r(a + i) 

Combining this with Q3.14|) and (|3.15|) and using that ^- < 1, we get 

lim r Pl+a I = lim r Pl+a J 3 , 

which is the claimed value in part b). 

pi 



Finally, assume ^ = 1. Consider the integral 



dwds 



by (^-57— 10) and 1-^) , respectively. These are more or less the 



which is just J3 in Q3.16JI with the factors involving r and I a replaced 

-1 

asymptotics from (|3.5j) and (|3.1Uj) . Then 

J4 = i M " k ] ^ + r2 y a ~ 1 ^ a e- s ds. 



For s < M 2 r, |f|^ < < 1 f or i arge r> hence by (l3~T3|l . for such r the 

integrand of J4 is bounded above by 



C a 



r 2+a 

lnr 



In 

2sM 1 



r- a - 2 s a e~ s 



< C a ^—\K\nr-\ns\s a e- s 

lnr 

< C a — [Klnr + (-Ins) V 0]s a e" s 

lnr 

< C a [K+ (-Ins) V0]s a e- s , 

which is integrable on s > 0. Moreover, the limit of the integrand of 
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Ill 



4^L)2(p 2 + r 2 )— V)W 

pZ _|_ r z I 
^2 _|_ r 2 



2sM 1 



2p a s a e 



r 2+a (lnr) is 

lim r 2+a {\nr)- l h 

1 — >oo 

= lim (lnr) -1 

r^oo 

= 4p a s a e- s . 
Hence by dominated convergence again, 

lim r 2+a {\nr)- l J A = 4p a T{a + 1). 

r^oo 

By dsmj-dsng) 

(l-e) 2 C(z) (l + e?C(z) 

r(a + i) J4 - Js - r(a + i) J4 ' 

Multiply by r 2+a (mr) , let r — > oo then let e — ► to end up with 

lim r 2+Q (lnr)- 1 J 3 = 4p a C(A 
r— »oo 

By (ETUI) and (ETTBl . we get 

lim r 2+a (lnr)- 1 / = 4fPC(z), 

r^oo 

as desired. 



□ 



Now we can prove Theorem ll.il Write the sum in (|3.3j) as fij( r )- If 
we can show that 



(3.22) 



&3 ( r ) ~ a ( r ) as r ~ *■ °°7 

3=1 



then by Lemma l3.1l b. the conclusion of Theorem II . II will hold. To this end, 
write 



I>( r ) = /3i(r) 
j=i 



i=2 



It suffices to show 



E 

i=2 



/?i(r) 
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as r —* oo. There is no danger in dividing by 0i(r) because as in the proof 
of Corollary II. 5| the factor 

d 



mi(0) J smip(r])-^— mi(j])ii(drj) 
dD 

in [3\ is positive. By Lemma 13. II a) and (|2.6|) . for some constants K and M 
independent of j, for r > M 



\Pj(r)\ < r2~ 2 p L -2 < 



^ a 6(n)+l/2 (2 ^ ajr _ 2 _ aj _ 



Ka5 (n)+1 (2p)^r- 2 -^ lnr, f = 1, 



Ka 6(n)+Pl/2 (2/0) a, r -a J - Plj |L < L 



Then by Lemma 13. li b. 



< Ka5 (n)+1 (2 / o)^r ai -^. 



By the integral test and (|2.9|) . for any < e < 1, the series 

Eb(n)+l ( 2p\" J 
j=2 V 7 

converges uniformly on < r. Thus, since ay > a± for j > 2, 



lim 

r— >oo 



E 

3=2 



/Si(r-) 



< hnTK(2prVaf )+1 (^ 

3=2 V 



and (|3,22|) follows as desired. 



□ 



4 Proof of Theorem 11.3 



The unbounded, nonsmooth nature of C leads to technicalities not en- 
countered in the bounded C 3 case considered by Hsu (1986). We now state 
the following result used to prove Theorem 11.31 Before giving its proof, we 
show how it yields Theorem ll.3l We follow Hsu's idea of finding the Laplace 
transform in t of the density. Here and in what follows we will write 



B e {y) = {zeR n : \z-y\<e}. 
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Theorem 4.1. a) Let x G C , y G <9C\{0} with \x\ / |y|. T/ien for A > 0, 

° 1 -Ai„ /. _ ..\ / -At ° 



dn v n ' " ' / n 9n. 



e M Pc (t,x,y)dt = / e M — Pc (t, x,y)dt. 



y JO JO un y 

a 

' dn v 



b) ForxGC and y G dC\{0}, ^Pc{t, x, y) > 0. 

c) Let x G C and A > 0. // / G C 2,a (C) is nonnegative with compact 
support in C\[{0} U dB\ x \(0)} then 

E x [e- Xr f(B T )] = l -j f(y)JLGh(x,y)a(dy), 
dC 

where Gq is Green's function for — A on C with Dirichlet boundary 
conditions. □ 

Remarks 

(1) Since we use the series expansion of the heat kernel to prove part 
a), there will be an exchange of summation and integration. This 
requires the condition |x| ^ \y\ as well as the strange hypothesis about 
the support of /. 

(2) As we point out below in (|4.4|) . the function 

u{z) =E z [e~ XT f(B T )] 
solves the boundary value problem 



-A - A ) u = in C 



2 

u\dc = /• 

Since a series expansion is known for pc(t,x,y), the most natural way to 
try to prove part c) of Theorem 14.11 is to show directly that 

dC 

solves the said boundary value problem. It is easy to show the PDE is 
satisfied, but direct verification of the boundary condition eludes us. Hence 
we are forced to take the approach we present below. 
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Proof of Theorem ] 1.31 Let x G C and consider any nonnegative / G C 2,a (C) 
with compact support in C\({0} U dB\ x \(Q)). Then since 

/•oo 

(4.1) G x c (x,y) = I e- xt Pc (t,x,y)dt, 

we have 



o 



J J e- xt f(y)P x (B T £dy,T€ dt) = E x [e- Xr f(B T )\ 
° dC 



e M p c (t,x,y)dt 



cr(dy) (Theorem 14. li e) 



dC 

1 f f°° d 

2j f ^J e ~ Xt Q^Pc{t,x,y)dta(dy) (Theorem O a) 



2 

dC 



e f(y)~T^Pc(t,x,y)a(dy)dt, 

dC 

by Theorem 14. li b and Fubini's Theorem. 

Inverting the Laplace transform, we get for any < a < b, 

E x [f(B T )I [aM (r)} = J" J f(y)]-JLp c (t,x,y)o-(dy)dt. 

a dC 

Varying / appropriately, this yields 

(4.2) P X (B T G A,a<r<b) = J J ^-^- Pc (t,x,y)a(dy)dt 

A 

where A is any open subset of dC\({0} U dB\ x \(0)). Since dC n dB\ x \(0) is 
polar with a measure 0, and since -^pc{t,x,y) is continuous as a function 
of y £ dC\{0} (by Lemma |2.1|) . we see 1)4.2(1 holds for arbitrary Borel A C 
<9C\{0}. This yields Theorem Ol □ 

Proof of Theorem \4-l\ a). Let x G C, y G 9C\{0} with |x| 7^ |y|. Write 



2pr 
9 2 +r ,:< 

Corollary 12.21 and Lemma 12.31 a) the following interchanges of integration, 



x = p9, y = rrj and 7 = -j^p ■ Note since p / r, 7 < 1, Then by 
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differentiation and summation are justified: 

d r°° 15 



DC 



e xt Pc (t,x,y)dt = -— / e xt p c (t, x,y)dt 
r dn v J Q 

Id _ 

- / e n "t "{pry 2 e « 



Jo j=1 v t y 

= P 1_ * r ~*^- £ j£ e- xt t- 1 e- B ^-I aj (Jj) dt mj(e)mj(ri) 
(also using monotone and dominated convergence) 

pOO 2_|_ 2 < ^~ > ,p Q 



At 



d 



e —pc(t,x,y)dt, 



by Lemma 12. II □ 



Proof of Theorem \4-l\ b). This is an immediate consequence of the Hopf 
Maximum Principle for parabolic operators (Protter and Weinberger (1984), 
Theorem 6 on page 174). □ 

Part c) is the hard part. Fix x S C and write 
(4.3) u(z)=E z [e- Xr f{B T )}, zeC, 

where / G C 2,a (C) is nonnegative with compact support in C\({0}UdB\ x \ (0)). 
Choose xq £ C such that 

|X()| < M an d Xq ^ SUpp /. 

From now on, x, f and xo are fixed. Since dC is Lipschitz, Proposition 8.1.9 
and Theorem 8.1.10 on pages 345-346 in Pinsky (1995) imply 

( u e C 2 > a (C) 
{ QA-A^w = 0inC 

u\oc = f, 
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and in fact 

(4-5) u(z) = J f(y)k(x;y)u Xo (dy) 

ac 

where k(x; y) is the Martin kernel with pole at y G dC normalized by 
k(xo; y) = 1 and for any Borel set A C dC, 

u X0 (A) = E X0 [e- XT I(B T £A)}. 

Note since / G C 2 ' a (C), by the Elliptic Regularity Theorem, 

(4.6) u e C 2 ' a (C\{0}). 

Furthermore, since dC is Lipschitz, by Theorem 8.1.4 on page 337 in Pinsky 
(1995), any sequence y n G C with y n — > y G dC is a Martin sequence. In 
particular, if y n —* y along the unit inward normal to dC at y G <9C\{0}, 

Gq{x, y n ) 



k(x; y) = Jim ^ A 



^oo G£(x ,y n ) 

d_(-<\ 



Hence by (|4~5|) 

(4.7) u(z) = J f(y)A-G x c (z,yndy) 



where 



v(dy) 



d 1-1 
G^{x ,y) 



dn y 



Vx (dy). 



This representation will allow us to estimate u and its derivatives. 
It is known that for z G C, 

(4.8) Qa-aW(;v)=0 on C\{z} 

and Gc(z, •) is continuous on C\{z} with boundary value 0. Hence by the 
Elliptic Regularity Theorem, 

(4.9) G x c (z,.)GC 2 ' a (C\{0 lZ }). 
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To prove part c) of Theorem 14.11 choose M so large and e > so small 
that 



£ < \x \ < \x\ < M 
S £ (O)nsupp/ = 
B M (0) C n supp/ = 0. 

Then choose 5 > so small that B§{x) C C. Set 

£ = cn s M (o) n B^xj c \B^o) 

(see figure 1). 




M 



Figure 1 
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By (|4.6|) and Q4.9|) we can apply Green's Second Identity: 
[u(w)A w Gc(x, w) — Gc(x,w)Au(w)]dw 



u(y)^-Gb(x,y)-G&(x,y)-^-u(!i) 



a{dy), 



where -Jj— is the inward normal derivative to dE and <r(dy) is surface mea- 



sure on 



dE. 



By (|4.4|) and (|4.8j) . the left-hand side is 0; then breaking up J into 

as 

pieces and solving for the part over dC, 



I 

dC 



<r{dy) 



8CnB M (0)\B 5 (0) 

+ / + 

CndB M (0) CndB £ (0) 9B s (x) 

(we use the convention that is the unit inward normal to 8Bm(0), 
dB e (0), dBg(x) respectively). Below in Theorem 14.71 we will show the first 
two integrals converge to as M — > oo and e — > 0. In Theorem 14.91 we will 
show the last integral converges to 2u{x) as 5 —* 0. Thus we will end up 
with 



u(x) = - 



dc 



d d 

U (y)— G c( x ,y) - G c( x iy)-Q^ u (y) 



a(dy) 



f(y)l^G x c (x,y)a(dy), 
dc y 

using that u = f on dC and Gq(x,-) = on dC. Thus gives part c) of 
Theorem 14.11 

The representation Q4.7|) of u will allow us to estimate u and its deriva- 



tives. For this we need the next result as well as estimates on G^ and its 



derivatives. 
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Lemma 4.2. The set dC n supp f has finite v measure. 



Proof. By (JOJ), G&(x or ) £ C 2 ' a (C\{0, x }) and by the Hopf Maximum 
Principle (Protter and Weinberger (1984), page 65, Theorem 7), 

d 



dn. 



-G^(x o ,y)>0, y£dC\{0}. 



Since SCflsupp / is compact in dC\{0}, the desired conclusion follows. □ 

Lemma 4.3. Suppose p > 0, z G C n 8B p (0) and y G <9C\{0} wt/i r = 
|y| ^ p. 7/7 = 3^.3 is positive and sufficiently small, then 



(4.10) 



5 ^ A 



<9ra, 



n 1 n 

< Kr-ip 1 '*^ 1 



(4.11) 

a d 



dn, dm 



G x c (z,y) 



< Kr 2 



(4.12) 



9 



G&(*,1/) 



< ifr 1_ 2 [p~?7 ai +r / 9 1 -f( 7 Ql - 1 +7 Ql+1 )( / 9 2 + r 2 ) 



2\-li 



<9n 2 
(4.13) 

G^(z,y)<K(pr) 1 -^ 1 ai , 

where K > is independent of z and y. 

Remark 



(1) The proof of the bound in (|4.13|) really only requires z,y € C\{0}, 



\z\ ^ \y\ and 



gNlj/j 

|z| 2 +|2/| : 



small. 



(2) A similar remark holds for (|4.12|) . In particular, by the symmetry of 
Gq, we can replace -£^G^(z, y) there by -^G^(y, z) and require only 



that z,y E C\{0} with \z\ 7^ \y\ and 



2kl|y| 



small. 
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Proof. Write z = p9 and y = rrj in polar coordinates. Then p ^ r and by 
Theorem O a), for 7 = 



_d_ 

dn, 



G x c (z,y) 



OO Q 

e- xt — Pc (t,z,y)dt 



dn 



<Kr ip 1 2 / i J- e » 2^ /a HVJ a i d * 



(by Lemma 12. II and Corollary 12,2(1 



< Kr 2 p L 2 t e 2t lau I — ) ^ 







f 



(Fatou's Lemma) 



(by Lemma 12.31 a)) 



< Kr zp 27 1 (7 small), 

which is (glTnj). 

Now sir = hence 

_d d_ G x (z _d_ rco 

dn z dn y c ' dp 



jf e" A V-f /-fr^-^r I aj . m j (e)-^-m j {n)dt 



(by Theorem 14. II a) and Lemma l2~T 
(4.14) 



<9p 



r 2 p 



' 1_? E / t-V^e-^Io 



pr 



d 

dt rrij{9)— — mj(rj) 
dn r 



(by Lemma 12. 31 and Corollary 12. 2[) , If for 7 = we can show there is K 

independent of a, u and r such that 



— r 1 

du 



u 2 



t-^-^e — —l a (-)dt 



(4.15) < K[u-% a~ x T + rn 1 -?(l - 7 2 )- 1 /2(^-i + ^»+i)(„2 + r 2j-ij 
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for < 7 < 7, then by Corollary 12 , 2 1 we can differentiate under the summa- 
tion in (|4.14j) . Moreover, taking u = p and using Corollary 12, 2\ for small 7 
we also get the estimate 



dn z dn 



< Kr 2 



_» \ ^ b 

p 

3=1 



3=1 



giving Q4.11JI . To prove (|4.15|) . note by Lemma 12,31 



— n 1 "^ / t -1 e At e ~I a — ) dt 

8u J \ t J 

< (l - |) u^Ka-'r + u 1- * r(l - f )-V2 ( ^-i + + r2) -i 



as desired 

To prove (|4.12|) . we repeat the proof of ()4.11|) almost word for word. The 
only change is in Q4.14JI where the initial r~z is replaced by r 1 " and the 
-^-rrij(r]) is replaced by 77X7(77). 

For the proof of (ETC?]) , note by gZEJ, <EHJ> and Corollary [2~2l 



G^(z, y) < (pr) 1 "? £ / I aj (f ) <tt 

3=1 - 70 

00 

< K(pr)^f J2 a f n) ~ lr y aj Lemma [O a)) 

3=1 



<K{pr) 1 2 7 ai , for 7 small. 



□ 



Corollary 4.4. Given z G C\{0}, /or any compact set E C <9C\{0} wrtt/i 
E 1 (~l d-Bui(O) = 0, i/iere is a neighborhood N of z in C\{0} suc/i i/iaf 



sup 



V in J-G x c (w,y) 



dn 



11 



: w <E N, y £ E > < 00. 



Proof. For 7 



2JHM_ 



l^pqT^p ; we have for some neighborhood N of z in C\{0}, 
sup{7: w N,y £ E} < 1. Then we can use Lemma 12.31 and Corollary 12.21 
as we did in the proof of (|4.11j) above to get the desired conclusion. □ 
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Corollary 4.5. Suppose p ^ \x\ and z £ C D dB p (0). Then for some 
constant K independent of z, 



9 



dn- 



< K 



{ 




small, 


V 


-f-«l, 


p large, 


t 


f+Ql 


p small, 




f-«n 


p large, 



where -Jj— is the inward normal derivative on dB p (0). 



Proof. If p is small or large, 7 
Lemma 14. 31 



% p )?\>> is small. Hence by the remark after 



and 

d 



dn- 



G x c (x,z) 



< K\x\ l -^[p-^ 7 ai + Mp 1- '^ 1-1 + 7 ai+1 )(/o 2 + larl 2 ) -1 ]- 



The desired bounds follow from these inequalities. □ 
As another application of Lemma 14.31 we get bounds on the function 
u(z) = J f{ y )-l-G x c {z,y)u(dy) 

(from (14.71) ) and its normal derivatives for large and small z. 

Lemma 4.6. a) For some constant K, for z £ C\{0} with \z\ = M 
sufficiently large 



\u{z)\ < KM 1 -^- 011 







dn- 



u{z) 



< KM~ 2 



where is the inward normal derivative on 8Bm(0)- 

b) For some constant K , for z E C\{0} with \z\ = e sufficiently small, 

\u{z)\ < Ke l ^ +ai 

d 



dn 



-u{z) 



< Ke~2 
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Proof. Note if y G dC n supp /, then for p large or p small, 
uniformly small in y. Then by (|4.7|) and (|4.1U|) with \z\ = 



My\ 



p +\y\ 
M or e, 



is 



u(z)\<K / /(y)|yrV~2 



2/o|y| 
P 2 + \y\ 2 



v{dy). 



Since supp / is compact in C\({0} U dB\ x \(0)), we have < inf{|y| : y G 
supp /} < sup{|y| : y G supp /} < oo and so by Lemma EOl when p = £, 

\u(z)\ < Ke 1 '^" 1 , e small; 

and when p = M, 

\u(z)\ < KM x ~^~ ai , M large. 
The derivative estimates are a bit more delicate. Looking at the last 



term in (|4.11|) : for y G supp /, 



p l-f( 7 ax-l +7 ai+l)( p 2 



„2\-l 



2 ; p small. 

Thus for y G supp / and \z\ = M large, (|4.11|) yields 




Ql + l 



(p 2 +r 



2\-l 



< Kp 



< K 



p large, 
p small, 



d d 



dn z dn y 



< K 



M~2 



< K[M~ 



2Mr 
M 2 +r< 

+ M~ a 



«i 



+ M 



-«i- 



< KM 



-ai-o 



and if Id = e is small, 



<9n 2 9ny 



Gft(z,j/) 



< K 



e 2 



2er 
e 2 + r 2 



+ e 



ar 



< K[e 
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Then if we can differentiate under the integral 




_d d_ 

dn z dn y 



G X c (z,y) 



v{dy) 



KM' 011 '?, if \z\ = M is large 



Xe 2+ ai ; if \z\ = e is small 



(by Lemma H~2jl . as desired. 

As for differentiation under the integral, by bounding difference quotients 
via the Mean Value Theorem, it is easy to see by Corollary 14.41 the exchange 
is justified. □ 



Theorem 4.7. We have 

^ c 

dn z 



I 



a(dz) -» 



CndB M (0) 



as M —* oo or as M — > 0. Here is the unit inward normal derivative on 



dB M (0). 

Proof. By Corollary 14.51 and Lemma 14.61 



integrand < K 



M 1_ f +ai • M~t+ Q i + M 1_ f +Q1 • M"t+ a i, M small, 



K I 



jjfi-f-ai . M"f + M^i" 01 • M~i~ Ql , M large, 
M i-n+2 Q!1) m small, 
M i-n-2a 1; M large. 

Since c(<9i?Af(0)) < KM" -1 , we get the desired conclusion. □ 

The next order of business is to study G^j(x, •) in a small neighborhood 
of x. To this end, introduce the function 



(4.16) 
where 



G A (x,y) := / e- M p(t,x,y)dt 
'0 



(4.17) pit, x, y) = (2vrt)-™/ 2 exp (~\x- y| 2 ) 
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is the usual Gaussian kernel. The relevant properties of G x are stated in the 
next lemma. 

Lemma 4.8. a) For < \x — y\ small, 

\x — y\ 2 ~ n , n > 3, 
— In \x — y\, n = 2. 

b) As \x — y\ — > 0, 

y~ x V7 /~t\r„ „.\ _-ra/2r> ( n \ l„ „.|l-n 



G A (x,y) < 



V,G A (x,y)~-vr-™/ 2 r - ) \x - y 



\y-x\ y v \2. 
c) For some small neighborhood N of x with compact closure in C, 

sup{\V y G x {w,y)\: w G dC\{0},y G N} < oo. 

Proof. After changing variables u = Xt, 

G x (x,y) = ^°V A '(27rf)-™/ 2 exp (~\x - y| 2 ) dt 



/ a 1 - »' 2 
2 



(2vr)-f A^- 1 / u-te-^exp ( -^^^ ) du 



= 22 (1 "2 ) 7r"2 A2 ( 2 _1) |x - y| 1_ 2 Kn_ 1 ( v / 2A |x - y|) 

(by formula 3.471.12 on page 340 in Gradshteyn and Ryzhik (1980)) where 
K,, is the modified Bessel function. It is known that 



(4.18) 


K (z) 


~ — In z 


as z — > 


(4.19) 


K v {z) 


~ \r(y) ( 


2/ aS Z 


(4.20) 


KM 




e~ 2 as z — > 


(4.21) 


K v {z) 




2 as z — ► oo 


(4.22) 


KM 


= -K u+1 


(z) + -K u (z) 



z 

f (|4~TH|) - (|OT|) can be found in Abramowitz and Stegun (1972) pp. 375- 
378, formulas 9.6.8, 9.6.9, 9.7.4, 9.7.2, respectively. Formula (|4^|) is from 
Watson (1922) page 79, formula (4) in section 3.71). 
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Part a) is an immediate consequence of l|4.18|) — 1|4.19|) . 

Now for Ci = 25( 1 -f) 7 rf Al ( f by and (|4~T3|) . as \x - y\ -> 0, 



|2/ — a;| 



V,G A (x,y) =Ci laj-yl-flfa-iCv^Alx-yl) 



+|s - y] 1 "^ V2X K'n^V^Xlx - y\ 
-d\x - y\ l ~^V2X K«(V2\ \x - y\ 



- Cl \ X -y\^VTx\v(^ 



2 lX ~ Vl 



\x-y 



1-n 



This gives part b). 

Finally, for some 5 > 0, B$(x) C C and so inf { | w — y| : w G <9C\{0}, 
y G B,j(a;)} > 0. Then by (j4~2njl - (j4~T^ . part c) follows. □ 



Theorem 4.9. We have 



lim 

<5^0 



u{z)^-G x c {x,z) - G x c {x,z)^-u{z) 



cr(dz) = 2u{x) 



where is the unit inward normal derivative on dBs(0). 

Proof. By (|4.6j) jM-u is bounded on a neighborhood of x. Since Gq < G A , 



by Lemma 14.81 a) for 5 small, 



Gh(x,z)JLu(z) 



a(dz) < Ka(dB s (0)) 



5 2 ~ n , n>3 
— In 5, n = 2 



as 5 — > 0. Thus we just need to show 



(4.23) 



lim 



«(*)^-G&(s,z) 



o~(dz) = 2u(x). 



dB 5 (0) 

It is well-known that for the exit time r of Brownian motion B t from C, 



p c (t,x,z) =p(t,x,z) - E x [I T<t p(t - t, B T , z)]. 
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Then 

G x c {x, z) = G\x, z) - E x [e- Xr G x (B T , z)\, 
and as a consequence, for z £ dB$(x) 



dn 



dn. 



dn- 



G (B T , z) 



The exchange of and E x is justified as follows. Bound difference quo- 
tients via the Mean Value Theorem. Then the exchange is justified provided 

sup{|V 2 G A 0,z)|: z G B 2S (x),w £ dC\{0}} < do. 

This follows from Lemma 14.81 part c. 

Furthermore, since u is bounded near x, by Lemma 14.81 c 



/ u(*) 



G A (5 r ,z) 



a(dz] 



(.,;) 



< Ka{dB 5 (x)) -> as J -> 0. 



Thus to get (|4.23|) we need only show 



9 



lim / — G x (x,z)a(dz) = 2u(x). 

s^o J dn z 

dB s (x) 

By LemmaEib, on 0Bf(a;), ^G A (x, z) = -^|-V 2 G A (x, z) ~ ^/ 2 r (§) 8 l ~ n 
as 5 — > 0. Since it is continuous and bounded near x, 

lim / u ( z )JLg x (x, z)a(dz) = u(x)it~ n l 2 T (-) atdB^x)) 
6^0 J on z V 2 / 

dB s (x) 



2u(x) 



as desired. 



□ 
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